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Introduction

THIS Note presents a new hybrid procedure for determin-
ing vibration characteristics of a large structure. The pro-

cedure combines modal analysis techniques with recently
developed techniques of finite-segment modeling. Kane's
equations are used to obtain the governing equations of mo-
tion. The procedure is applicable with structures having either
linear or nonlinear flexibility and damping characteristics.

It was shown by Huston1 that flexibility and compliance ef-
fects can be modeled by springs and dampers between two ad-
joining bodies. Specifically, it is shown in Ref. 1 that the
governing equations of motion can be written so that bending
moments, torsional moments, shearing forces and extension
forces at the system joints occur with one component per
equation. This representation of the equations of motion pro-
vides for the approximation of stiffness and damping by using
data from experimental modal and analysis.

Many large structural systems (for example, space stations
and cranes) present significant control problems due to the
system size. The basic difficulty arises in modeling highly flex-
ible structures. Such structures are known to have a large
number of packed modes at very low frequencies.9"11 The pro-
cedure developed herein forms a basis for determining these
frequencies and the corresponding mode shapes. The pro-
cedures are ideally suited for "tree-like" structures.

The Note itself is divided into five parts. The first part pro-
vides background and preliminary concepts. Kinematics and
dynamics are discussed in the second and third parts, while
part four describes the incorporation of experimental modal
analysis, and the final part discusses applications.

Preliminary Concepts
Consider a tree structure as shown in Fig. 1. The geometry

of this system can be organized by knowing two arrays: the
lower body array L0(k) and the connecting body array L1(k).
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The numbering scheme is desribed in Ref. 3. The topology of
the tree structure is represented by a tree array called A|. This
tree array is used in the description of the kinematics needed
for the analysis of the system's dynamics.

Coordinates Systems Shifter Transformation Matrices
Let each body have six degrees-of-freedom: three for rota-

tion and three for translation. Let these degrees-of-freedom
for the N bodies of the system be characterized by the coor-
dinates X((£-= 1,..., 67V). Further let these coordinates be di-
vided into 2N sets of triplets describing the translation and
rotation of the respective bodies. Consider two typical adja-
cent bodies Bj and Bk as shown in Fig. 2. The transformation
matrix between these two bodies may be defined as

(p,q = 1,2,3) 0)

where n{j are mutually perpendicular unit vectors fixed in Bj
and Bk. The evaluation of the transformation matrix between
any two connecting bodies is performed in accordance with
the connection configuration of the tree-array. For example, if
the connecting body is nine and the lower body of nine is five,
then the transformation matrix between each body from five
to nine is the identity matrix (assuming all bodies are aligned
in a particular branch). Otherwise the matrix evaluation is
dependent upon the orientation of two bodies.

Fig. 1 Tree-like structure.
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Table 1 ukim partial angular velocities of Fig. 1
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Kinematics
Angular Velocity

References 1 and 4 show that the angular velocity of a
typical body K with respect to an inertial reference frame R
can be written as

Table 2 Properties of aluminum test rod

R-Bk

K=1,...,N~ t=l, 6Nm = 1,2,3 (2)

where ukem is known as the "partial angular velocity array."
The coefficients ukgm are functions of the relative orientation
of adjacent bodies.

Angular Acceleration
By differentiation in Eq. (2), the angular acceleration of

body K with respect to R is

p__ D

(3)

for "small" oscillation ^kgmXe is small compared to ukemXe.
Hence for small oscillation, Eq. (3) may be reduced to

t=l,6n (4)

As with the angular velocities it is seen that the angular ac-
celerations are functions of the "Partial angular velocity ar-
rays." Table 1 presents a listing of these arrays.

Mass Center Velocities
References 1 and 3 also show that the velocity and acceleration
of the mass centers of the bodies of the system R may be writ-
ten as

and

(5)

(6)

where for "small" oscillations VktmXe is small compared to
VictmXg. Hence for small oscillation ak reduces to

(7)

Mass

Length
Diameter
Elastic

modulus

0.086 kg

0.89 m
0.13m

6.89xl010N/m

0.0196 slug

35. in.
0.5 in.

lOxlO 6 Ib/in.

Fig. 2 Two-typical adjoining bodies.

Springs

Fig. 3 Two-typical bodies with springs and dampers.

There is a sum from 1 to 6N on £ and from 1 to 3 on m, k goes
from 1 to TV (no sum). Vkim is known as "the partial velocity
array" and is defined as follows: For £<37V

(8)

(9)

and for £< 37V

F^=c

where rkn are the components of rk, the qkn are the non com-
ponents of qk, and the emst are the permutation coefficients
defined in Ref. 3.
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Table 3 Natural frequencies of free-free rod

Method

0>;

co2
co5
U4

co5

Analytical
(Ref. 12)

68.585
189.05
370.59
612.66
915.25

Finite-Element
(SAP IV)

71.59
197.3
386.6
638.8
954.0

Experimental
(Modal analysis)

84.375
206.25
396.875
653.125

Finite segment
modeling

70.1
191.05
378.0
636.5
970.0

Equations of Motion
Using Kane's equations5"7 together with the procedures

developed by Huston et al.,4'5 the equations of motion of a
tree-like structure of flexible bodies can be written in the form

where the
given by

(10)

known as "generalized mass coefficients" are

- m Vki (ID

mn are the nom and non com-mk is the mass of body Bk and Ik
ponents of the mass center based inertia dyadic of Bk. As
before, there is a sum over the range of the repeated indices.
The coefficients of a^ are functions of the arrays akem, and
Vkpm. Fe is the generalized active force associated with X(. It
has been found, see Ref. 1, that the governing equations can
be written so that bending moment, torsional moment, shear-
ing force, and extension force components at the system joints
occur singly — that is, one per equation. Furthermore in Ref. 3
it is shown that the generalized forces can be written as

(12)

where

Kgp - stiffness matrix

Cgp = damping matrix

ff(t) = forcing function

The stiffness and damping matrices are used in modeling the
springs and dampers to account for local flexibility and com-
pliance effects at the connecting joints as discussed in Re'fs. 1,
3, and 8. It is a relatively simple task to write computer
algorithm for the numerical evaluation of the coefficients of
Eqs. (9).

Consider two adjoining bodies as depicted in Fig. 3. Let the
flexibility characteristics of the bodies be modeled by springs
and dampers between them. Let each spring and damper have
six degrees of freedom, three for rotation and three for
translation. The equations of motion of the structure will then
have the form

(13)

Since the forces and moment components occur once per
equation, the stiffness and damping matrices could be
represented by diagonal matrices. Note that the terms dropped
in Eqs. (3) and (6) due to small oscillation could be added
where non-linear equations of motion are needed to describe
large motions without changing the basic formulation of Eq.
(13).

Example Application
To validate and to illustrate the procedure, the vibration

characteristics of a long, cylindrical aluminum rod were

studied. Table 2 contains a listing of the physical and
geometrical properties of the rod.

The natural frequencies due to bending of rod with free
ends were then determined. Table 3 presents a comparison of
the results. The parameters in the stiffness matrix are func-
tions of the elastic modulus, the inertia dyadic, and the rod
length. Hence, by using dimensional analysis, a scaling law
may be developed for similar larger stuctures. Suppose a
similar structure has a length parameter t and a radial
parameter r which are related to the model length and radial
parameters as

f=Crr (14)

From finite-element analysis is has been seen2 that the stiff-
ness coefficients have the form

. _kn-
EI r4

—-C—— (15)

where C and C are suitable constants. Hence, the correspond-
ing stiffness coefficient kK for the similar structure is

r* C4 r4 C4 n
k -C-4— -C r - r k -t" 1̂  ~cf ~r——c? "' * (16)

Therefore, the stiffness coefficients determined by modal
analysis of the model structure are simply scaled by the factor
£ defined by Eq. (16).

Conclusions
The scaling procedure developed shows that the stiffness,

and also the damping coefficients for large structures may be
related to analogous coefficients for modal analysis with those
of finite-segment modeling. Hence the vibration and
dynamical characteristics of large structures may be obtained.

Specifically, the following procedures are suggested:
1) Develop a finite segment model of the large object

structure.
2) Obtain governing dynamic equations of motion for the

model.
3) Construct a physical model of the large structure.
4) Determine vibration characteristics of the physical model

by modal analysis.
5) Validate and adjust the stiffness and damping coefficient

of the finite-segment model by using the modal analysis
results.

6) Scale the resulting stiffness and damping coefficients to
accommodate the dimensions of the large structure.

7) Use the "scaled" finite-seqment model to predict the
dynamic response of the large, object structure.
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The Proposed Method
Let the original transfer function and reduced model be

G(s)=- A21+A22s+...+A2nsn-1

(D

and

... +CrSr (2)

respectively. In Eq. (2), r and r— 1 represent the numbers of
poles and zeros of R ( s ) 9 respectively; i and j the numbers of
terms of the continued- fraction expansion of G(s) about s- 0
and oo, respectively; and ujfu2,...,tim the frequencies at which
the frequency response of G(s) is matched by that of R(s).
The procedure for finding the reduced models is as follows.

Step 1 . Expand G (s) about s = 0 for / (even number) times,
i.e.,
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Introduction

I N the current literature, most of the methods for model
reduction are based upon the assumption that the original

system has constant parameters.1'2 Unfortunately, these
methods cannot be applied to systems with parameter varia-
tions because the closed-loop system response characteristics
may not be acceptable even if the reduced models are stable
and accurate for a specific set of constant parameters of the
system. Since parameter variations are unavoidable in com-
monly used physical systems, the objective of this Note is to
propose a method for reducing the effects due to parameter
variations.

This note extends the authors' method3 to obtain reduced
models that can approximate the original transfer function at
5 = 0 and oo, and at some desirable points on the frequency
response curve of the original system. It will be shown subse-
quently in this Note that by a proper selection of these
desirable points, such as the phase-crossover frequency
and/or peak point of the frequency response curve, the effects
of model reduction on control systems can be reduced with
parameter variations.
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where HN(s) and HD (s) are the numerator and denominator
of the remainder of the continued fraction, respectively, and
defined as

HN(s) =Ai+2J + Ai+2t2s + ... n-l-i/2

and

(4)

(5)

Step 2. Reverse the polynomial sequences in Eqs. (4) and
(5), and continue to expand Eq. (3) about 5 = 00 for j (even
number) times; then one has

FN(s) •HIT
(6)

where

FN(s) =Al+J+2,n_(

and

(7)

Step 3. Let

TN(s)

with

(8)

(9)

(10)

where m is the number of points on the frequency response
curve of G(s) to be matched by R(s). Let

TN(s)
T D ( s )

FN(s)
fD(s)

(11)


